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Shimura [Sh], Eichler-Zagier [E-Z] Jacobi
(*) Shintani, Murase,
Sugano ( $[Mu1,2],$ [M-S], [Su]) Jacobi $L$-
Whittaker
Jacobi Jacobi theta
$\theta(\tau, z)=\sum_{n\in Z}\exp(2\pi i(n^{2}\tau+2nz))$ $(\tau\in\emptyset, z\in \mathbb{C})$
o $\tau$ $z$ abel








$Sp_{n}$ degree $n$ symplectic :
805 1992 1-18
2$Sp_{n}=\{g\in GL_{2n}|{}^{t}g(\begin{array}{ll}0 1_{n}-l_{n} 0\end{array})g=(I 0-1_{n} l_{n}0)\}$
$l^{\vee}\llcorner$ $G_{n}^{J}=G_{n,1}^{J}$ (7)
(1.1) $(\begin{array}{llll}a b 1_{l} c d 1_{l}\end{array})(\begin{array}{llll}1_{n} 0 {}^{t}\mu l_{l} \mu \rho 1_{n} 1_{l}\end{array})(\begin{array}{llll}1_{n} \lambda 1_{l} 1_{n} -t. l\end{array})$
$((\begin{array}{ll}a bc d\end{array})\in Sp_{n}$ , $\lambda,$ $\mu\in M_{l,n}$ , $\rho\in Sym_{l})$
$Sp_{n+l}$ o (1.1) $(M, (\lambda, \mu), \rho)$
$(M=(\begin{array}{ll}a bc d\end{array}) \in Sp_{n})$ \langle $0$ $(1_{2n}, (\lambda, \mu), \rho)$
Jacobi $G_{n}^{J}$ (Heisenberg ) $H_{n,l}$ o $Sp_{n}$ Jacobi
$G_{n}^{J}$ $Sp_{n}$ $H_{n,t}$ $G_{n}^{J}$ $S_{Pn}$
$H_{n,l}$ :
$G_{n}^{J}=Sp_{n}\triangleright H_{n,l}.\cdot$
$g=(M, (\lambda, \mu), \rho)$ , $g’=(M’, (\lambda’, \mu’), \rho’)\in G_{n}^{J}$ gg’
:
$gg’=(MM’, (\lambda+\lambda^{*}, \mu+\mu^{*}), \rho+\rho^{l}-\mu^{t}\lambda+\mu^{*t}\lambda^{*})$,
where $(\lambda^{*}, \mu^{*})=(\lambda, \mu)M$.
$G_{n}^{J}$ $\mathbb{Q}$ $G_{n}^{J}(R)$ Siegel- n $l\cross n-$
$M_{l,n}(\mathbb{C})$ $D_{n,l}=\prime 6_{n}xM_{l,n}(\mathbb{C})$ :
$g(\tau, z):=(M(\prime r\}, (z+\lambda\tau+\mu)(c\tau+d)^{-1})$ , where
$g=(M, (\lambda, \mu), \rho),$ $M=[ca$ $db)$ , $(\tau, z)\in D_{n,l}$ .
3$Sym_{m}^{*}(Z)$ degree $m$ $Z$ [ $Sym_{m}^{*}(Z)^{+}$
$Sym_{m}^{*}(Z)$
$S\in Symr(Z)^{+}$ o (factor
of automorphy)
o
factor of automorphy $k\in Z\geq 0g\in G_{n}^{J},$ $(\tau, z)\in \mathcal{D}_{n,l}$
o
$J_{S,k}(g, (\tau, z)):=\det(c\tau+d)^{k}x$
$e(-tr(S\rho)-trS[\lambda]\tau-2trS(\lambda, z)+tr(S[z+\lambda\tau+\mu]J(M, \tau)^{-1}c))$ ,
$e(w)=\exp(2\pi iw)$ , $S[\lambda]={}^{t}\lambda S\lambda$ , $S(\lambda, z)={}^{t}\lambda Sz$ o
o
$J_{S,k}(g_{1}g_{2}, (\tau, z))=J_{S,k}(g_{1}, g_{2}(\tau, z))J_{S,k}(g_{2}, (\tau, z))$ $(g_{1}, g_{2}\in G_{n}^{J}(\mathbb{R}))$
$G_{n}^{J}(\mathbb{R}))$ $g$ $\prime D_{nl,)}$
$\phi$ $\phi|_{S,k}g$
o
$(\phi|_{S,k}g)(\tau, z)$ $:=J_{S,k}(g, (\tau, z))^{-1}\phi(g(\tau, z))$
$\Gamma_{n}=Sp_{n}(Z)$ , $\Gamma_{n}^{J}$ $:=G_{n}^{J}(Z)=\Gamma_{n}\triangleright H_{n,l}(Z)$ $0$
$\mathcal{D}_{n,l}$ $\phi(\tau, z)$ weight $k$ , index $S$ $\Gamma_{n}^{J}$ Jacobi
(i), (ii)
(i) $\phi|_{S,k}\gamma=\phi$ for $\forall\gamma\in\Gamma_{n}^{J}$
(ii) $n=1$ (1.2) Fourier-Jacobi
( $n>1$ )
weight $k$ , index $S$ $\Gamma_{n}^{J}$ Jacobi $J_{k,S}(\Gamma_{n})$
weight $k$ , degree $n$ Siegel k(\Gamma n)
Jacobi notation $l=0$ $J_{k,S}(\Gamma_{n})=\mathfrak{M}_{k}(\Gamma_{n})$
4o
Fourier Jacobi expansion $\phi\in J_{k,S}(\Gamma_{n})$ Fourier-Jacobi
:
(1.2) $\phi(\tau, z)=$ $\sum$ $c(N, r)e(tr(n\tau+{}^{t}rz))$
$N\in Sym_{n}(Z),$ $r\in M_{1,n}(Z)$
$N_{4}-1^{t}rS^{-1}r\geq 0$
Fourier
$(\begin{array}{ll}N e_{r}/2r/2 (\end{array})[(\begin{array}{ll}U 0y 1_{l}\end{array})]=(\begin{array}{ll}N^{*} t_{\gamma}*/2r^{*}/2 S\end{array})$
with $U\in SL_{n}(Z),$ $y\in M_{l,n}(Z)$
$\Rightarrow$ $c(N^{*}, r^{*})=c(N, r)$





(i) Siegel Ci! ZJ i i C!) Fourier-Jacobi (Z) degree $n+l$
Siegel $f\in \mathfrak{M}_{k}(\Gamma_{n+1})$ Fourier-Jacobi
o $\tau\in,6_{n},$ $z\in M_{l,n}(\mathbb{C}),$ ( $\in r_{\iota}$ $(\begin{array}{ll}\tau e_{Z}z (\end{array})\in fi_{\pi+l}$
$f (\begin{array}{ll}\tau c_{z}z \zeta\end{array})=\sum_{s\epsilon s_{ym_{l}(Z),S\geq 0}}\phi_{S}(\tau, z)e(tr(S())$
$S>0$ ( ) $\phi_{S}(\tau, z)\in J_{k,S}(\Gamma_{n})$ o
5(ii) $\underline{Eisenstein}$ser es $\Gamma_{n}^{J}$ $\Gamma_{n,\infty}^{J}$ :
$\Gamma_{n,\infty}^{J}$ $:=\{\gamma\in\Gamma_{n}^{J}|1|_{k,S}\gamma=1\}$
$\Gamma_{n,\infty}^{J}=\{((\begin{array}{ll}a b0 d\end{array})(0, \mu),$ $\rho)\}\cap\Gamma_{n}^{J}$
o $k>0$ Eisenstein :












$Q=(\begin{array}{ll}M e_{q}/2q/2 S\end{array})$ $\in Sym_{m+l}^{*}(Z)^{+}$
$(M\in Sym_{m}^{*}(Z)^{+}, q\in M_{l,m}(Z))$ theta $\theta_{Q}^{(n)}(\tau, z)$
$\theta_{Q}^{(n)}(\tau, z):=$ $\sum$ $e(tr(Q[G]\tau)+tr(tz(q2S)G))$
$G\in M_{m+1,n}(Z)$
6( $(\tau,$ $z)\in D_{nl,)}$ , $Q[G]={}^{t}GQG$ )
$\det(2Q)=1$ ( $2Q$ : even $unimodular$) $\Rightarrow\theta_{Q}^{(n)}(\tau, z)\in J_{\frac{m+l}{2},S}(\Gamma_{n})$
3
(i) (ii) B\"ocherer[Bo], Yamazaki[Ya],
Ziegler[Zi]
$E_{k}^{(n+1)}(Z)\in \mathfrak{M}_{k}(\Gamma_{n+1})$ degree $n+1$ Siegel Eisenstein
Fourier-Jacobi
$E_{k}^{(n+1)} (\begin{array}{ll}\tau e_{Z}z (\end{array})=\sum_{S=0}^{\infty}e_{S}^{(n)}(\tau, z)e(S\zeta)$ $(\tau\in ff_{n}, z\in \mathbb{C}^{n}, \zeta\in \mathfrak{H})$
Theorem 1 (B\"ocherer-Yamazaki-Ziegler) $S$














$S\in Sym_{l}^{*}(Z)^{+},$ $\tau\in ff_{n}$ $\Theta_{S_{1}\tau}^{(n)}$ $\theta$ : $M_{l,n}(\mathbb{C})arrow \mathbb{C}$
$\theta(z+\lambda\tau+\mu)=e(-tr(S[\lambda]\tau)-2trS(\lambda, z))\theta(z)$ $\forall\lambda,$ $\mu\in M_{l,n}(Z)$
$L=M_{1,n}(Z)$ $r\in L/(2S)L,$ $(\tau, z)\in D_{n,l}$ theta
$\theta_{r}(\tau, z)$
$\theta_{r}(\tau, z):=\sum_{\lambda\in L}e(tr(S[\lambda+(2S)^{-1}r]\tau)+2trS(\lambda+(2S)^{-1}r,z))$
$(^{*})$ $\{\theta_{r}(\tau, z)\}_{r\in L/(2S)L}$ $\mathbb{C}-$ $\Theta_{S,\tau}^{(n)}$
$(^{*})$ $\phi\in J_{k,S}(\Gamma_{n})\Rightarrow z$ $\phi(\tau, z)\in\Theta_{S,\tau}^{(n)}$ .
$(^{*})$ $\phi(\tau, z)\in J_{k,S}(\Gamma_{n})$ theta $\theta_{r}(\tau, z)$ :
$\phi(\tau, z)=\sum_{r\in L/(2S)L}f_{r}(\tau)\theta_{r}(\tau,z)$
with $f_{r}(\tau)\in \mathbb{C}$
$f=(f_{r}(\tau))_{r\in L/(2S)L}$ , “ theta multiplier system“
Kohnen space ([Ko], [Ib])
$l=1,$ $S=1,$ $L=M_{1,n}(Z)$ theta $\theta^{(n)}(\tau)$
$\theta^{(n)}(\tau)$
$:= \sum_{\lambda\in L}e(\lambda\tau^{t}\lambda)=\theta_{0}(\tau, 0)$
$(\tau\in \mathfrak{H}_{n})$
8$\Gamma_{0}^{(n)}(4)$ $\Gamma_{n}=Sp_{n}(Z)$ :
$\Gamma_{0}^{(n)}(4):=\{(\begin{array}{ll}a bc d\end{array})\in\Gamma_{n}|c\equiv 0mod 4\}$
$j(M, \tau)(M\in\Gamma_{0}^{(n)}(4))$ :
$j(M, \tau)$ $:= \frac{\theta^{(n)}(M\tau)}{\theta^{(n)}(\tau)}$ $(M\in\Gamma_{0}^{(n)}(4))$
$M=(\begin{array}{ll}a bc d\end{array})\in\Gamma_{0}^{(n)}(4)$
$(*)$ $j(M, \tau)^{2}=\epsilon(M)\det(c\tau+d)$ with $\epsilon(M)^{2}=1$
Kohnen space
$M_{k-1/2}^{+}(\Gamma_{0}^{(n)}(4))$ $f:,6_{n}arrow \mathbb{C}$
$M_{k-1/2}^{+}(\Gamma_{0}^{(n)}(4))$ $f$ 2 :
(i) $f(M\tau)=j(M, \tau)^{2k-1}f(\tau)$ $\forall M\in\Gamma_{0}^{(n)}(4)$
(ii) $f(\tau)$ Fourier :
$f( \tau)=.\sum_{T\in S_{n}(Z),T\geq 0}a(T)e(tr(T\tau)$
Fourier $a(T)$
“ $a(T)=0$ unless $T\equiv-\mu^{t}\mu mod 4S_{n}^{*}(Z)$ for $\exists\mu\in M_{n,1}(Z)$
$\phi\in J_{k,1}(\Gamma_{n})$ $(l\cdot=1, S=1)$
$\phi(\tau,z)=\sum_{r\in L/2L}f_{r}(\tau)\theta_{r}(\tau, z)$
9theta $\theta_{r}(\tau, z)$ o
$f_{\phi}( \tau):=\sum_{r\in L/2L}f_{r}(4\tau)$
$0$ $f_{\phi}\in M_{k-1/2}^{+}(\Gamma_{0}^{(n)}(4))$ Jacobi $J_{k,1}(\Gamma_{n})$
Kohnen space ([E-Z], [Ib] )




Maass space Saito-Kurokawa ‘i; ,tP
$n=1$ Jacobi $J_{k,1}(\Gamma_{1})$ degree 2 Siegel
k $(\Gamma_{2})$ Maass space
Maass space Saito-Kurokawa ([Ku])
Maass o
$F\in \mathfrak{M}_{k}(\Gamma_{2})$ Fourier $a_{F}(T)(T\in Sym_{2}^{*}(Z), T\geq 0)$
$F$ Maass space $\mathfrak{M}_{k}^{M}(\Gamma_{2})$ :
$(*)$ $a_{F} (\begin{array}{ll}n r/2r/2 \dot{m}\end{array})=\sum_{d|(n,r,m)d>0}d^{k-1}a_{F}(\begin{array}{ll}mn/d^{2} r/2dr/2d 1\end{array})$
$(\forall T=(\begin{array}{ll}n r/2r/2 m\end{array})\in Sym_{2}^{*}(Z),$ $T\geq 0)$
$\phi\in J_{k,1}(\Gamma_{1})$ B\geq : $\mathfrak{H}_{2}arrow \mathbb{C}$ ;
$\phi(\tau, z)=\sum_{n,r\in Z,4n-r^{2}\geq 0}c(n, r)e(n\tau+rz)$ $\phi$ Fourier-Jacobi
$F_{\phi} (\begin{array}{ll}\tau zz \zeta\end{array})=\sum_{\geq_{r^{0_{2}}\geq 0}n_{4}m_{m}\in_{n^{Z_{-},r\in Z}}}A(\begin{array}{ll}n r/2r/2 m\end{array})e(n \tau+rz+m()$
10
$A (\begin{array}{ll}n r/2r/2 m\end{array})=\sum_{d|(n,r,m)d>0}d^{k-1}c(\frac{mn}{d^{2}},$
$\frac{r}{d})$







Saito-Kurokawa $M$ aass, Andrianov, Eichler-Zagier
$\grave{l}*-$

























Definition (S-class, S-genus) $Q,$ $Q’\in Sym_{m+l}^{*}(S;Z)$ S-class (resp.
S-genus) $\exists\gamma=(\begin{array}{ll}u 0y l_{j}\end{array})$ , $(u\in SL_{m}(Z), y\in M_{l,m}(Z))$
$Q’=s_{\gamma Q\gamma}$ $(resp$ . $\forall p$ $\exists\gamma_{p}=(\begin{array}{ll}u_{p} 0y_{p} 1_{l}\end{array})$ , $(u_{p}\in$
$GL_{m}(Z_{p}),$ $y\in M_{l,m}(Z_{p}))$ $Q’={}^{t}\gamma_{p}Q\gamma_{p}$ $Q,$ $Q’$
) o
$(^{*})$ $Q$ S-genus S-classes .
S-classes $H(Q)$ $Q$ S-class number S-class
number $G$
$G$ $=$ $O^{+}(Q;S)$
$;=$ $\{(\begin{array}{ll}a 0x 1_{l}\end{array})|a\in SL_{m},$ $x\in M_{I,m},$ $Q[(\begin{array}{ll}a 0x 1_{l}\end{array})]=Q\}$
$G$ $\mathbb{Q}$
$G(Z)=\{(\begin{array}{ll}a 0x 1_{l}\end{array})\in G(\mathbb{Q})|a\in SL_{m}(Z),$ $x\in M_{m,l}(Z)\}$




o $H(Q)$ $G(fl)$ double coset decomposition
( ) $G(fl)=uG(\mathbb{Q})g_{j}\mathcal{U}j=1H$
$H=H(Q)$ $g_{j}(1\leq j\leq H)$ $G(A)$
local density
$m,$ $n\in Z>0,$ $m\geq n$ $Q\in Sym_{m+l}^{*}(S;Z)^{+},$ $T\in Sym_{n+l}^{*}(S;Z)^{+}$
$A(Q;T)=\#\{(\begin{array}{l}xy\end{array})\in M_{m+l,n}(Z)|Q[(\begin{array}{ll}x 0y 1_{l}\end{array})]=T\}$
$A_{p^{\nu}}(Q;T)=\#\{(\begin{array}{l}xy\end{array})\in M_{m+l,n}(Z/p^{\nu}Z)|$
$Q[(\begin{array}{ll}x 0y 1_{\mathfrak{l}}\end{array})]\equiv Tmodp^{\nu}Sym_{n+l}^{*}(Z)\}$
local density $\alpha_{p}(Q;T)$
$\alpha_{p}(Q;T)=\lim_{\nuarrow\infty}p^{-\nu(mn-n(n+1)/2)}A_{p^{\nu}}(Q;T)$




$xa$ $0_{l}1)]=Q\}$$E(Q)=\#\{(\begin{array}{l}ax\end{array})|a\in SL_{m}(Z),$ $x\in M_{l,m}(Z)$ ,
$\circ$ (Siegel [Si]) Siegel
Theorem 4 (Arakawa [Ar]) $m\geq n,$ $Q,$ $T$ o $Q$





. .. if $m>n+1$ or $m=n=1$
2 . .. if $m=n+1$ or $m=n>1$ .
T.Ono [Ono], F.Sato [Sa] Siegel
Siegel theta series
Eisenstein series Siegel
Theorem 5 (Analytic Siegel’s formula [Ar]) Theorem 4
o $m>2n+l+2$ , $\det(2Q)=1$
$( \sum_{j=1}^{H}\frac{\theta_{Q_{j}}^{(n)}(\tau,z)}{E(Q_{j})})/(\sum_{j=1}^{H}\frac{1}{E(Q_{j})})=E_{\frac{(n)m+l}{2},S}(\tau, z)$ .
example $l=1,$ $S=1$









o $\theta(\tilde{Q};\tau)\in M_{m/2}^{+}(\Gamma_{0}(4))$ $Q$ S-genus
S-classes $Q_{1},$ $\ldots$ , QH $(H=H(Q))$ $m>5$
$\#$ $( \sum_{j=1}^{H}\frac{\theta(\tilde{Q}_{j};\tau)}{E(Q_{j})})/(\sum_{j=1}^{H}\frac{1}{E(Q_{j})})=\frac{1}{\zeta(2-m)}G_{m/2}^{+}(\tau)$
$G_{k-1/2}^{+}(\tau)$ Cohen ([Co], $[LZ,$ $p.65]$ )




$Q\in Sym_{m+l}^{*}(S;Z)^{+}$ , $\det(2Q)=1$ $G=O^{+}(Q;S)$
double coset decomposition ( ) $g_{j}\in G(fl)$
$g_{j}=(\begin{array}{ll}\alpha_{j} 0\xi_{j} 1_{l}\end{array})(\begin{array}{ll}u_{j} 0y_{j} 1_{l}\end{array})$




$Q_{1},$ $Q_{2}$ , , QH $Q$ S-genus S-classes
$G$
$A(G):=\{\varphi : G(A)arrow \mathbb{C}|\varphi(\gamma gu)=\varphi(g) \forall\gamma\in G(\mathbb{Q}), \forall u\in \mathcal{U}\}$
$\varphi\in \mathcal{A}(G)$
$\theta(\varphi)=\sum_{j=1}^{H}\frac{\varphi(g_{j})}{E(Q_{j})}\theta_{Q_{j}}^{(n)}(\tau, z)$ $(\tau, z)\in \mathcal{D}_{n,1}$
15
$\theta$ : $\mathcal{A}(G)arrow J_{(m+l)/2,S}(\Gamma_{n})$
Problem $\theta$ Hecke compatible ?
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